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Introduction 

In the dictionary between the language of (algebraic integrable) connections and that of (algebraic) T>- 
^ modules, the operations of direct and inverse images for a smooth morphism are very important. To compare 

the definitions of inverse images for connections and D-modules is easy. But the comparison between direct 
images for connections (the classical construction of the Gauss-Manin connection for smooth morphisms) and 
for 2?-modules, although known to specialists, has been explicitly proved only recently in a paper of Dimca, 
Maaref, Sabbah and Saito in 2000 (see [DMMS]), where the authors' main technical tool was M. Saito's 
equivalence between the derived category of 2?-modules and a localized category of differential complexes. 

The aim of this short paper is to give a simplified summary of the [DMSS] argument, and to propose 
an alternative proof of this comparison which is simpler, in the sense that it does not use Saito equivalence. 
Moreover, our alternative strategy of comparison works in a context which is a precursor to the Gauss- 
Manin connection (at the level of / -1 2?y -modules, for a morphism / : X — ► Y), and may be of some 
intrinsic interest. 

In section 1 we recall some generalities on connections and X>-modules. In section 2 we compare the 
operations of "inverse image" for connections and X>-modules. Section 3 is devoted to the comparison of 
the Gauss-Manin connection (in the case of smooth morphisms) with the notion of direct image for T>- 
modules: we supply a simplified summary of the [DMSS] argument. Finally, in the last section we propose 
our alternative proof of this comparison which does not use Saito equivalence. 

§1. Generalities on connections and 2?- modules 

Let X be a smooth ii-variety, where K is a field of characteristic 0. Following the terminology of 
[EGAIV, §16] we denote by fi x the Ox-module of differentials, by V x the Ox-algebra of principal parts 
■ of order one: its two structures as Ox-algebra will be referred to as the "left" and "right" structures, and 

tensor products will be specified by the position of the V x factor. We also use Verx or <9x to denote the 
[ — ■ Ox-module of derivations (Ox-dual of Q x , endowed with the usual structure of Lie-algebra), and Vx to 

indicate the graded (left) Ox-algebra of differential operators. On T>x we consider the increasing filtration 
F defined by the order of differential operators. Then the associated graded Ox-algebra, denoted by GrVx, 
is commutative and it is generated (as Ox-algebra) by Verx C F 1 Vx- 

For any Ox-module £ we will use the standard notation V x {£) for V x ®o x where the tensor product 
involves the right Ox-module structure of V x , while the Ox-module structure is given by the left Ox-module 
i_j ■ structure on V\. 

1.1 Connections and X>-modules 

Let £ be an Ox-module. The following supplementary structures on £ are equivalent: 

(i) an integrable connection, that is a morphism of abelian sheaves V : £ — > fl x ®o x £ Leibniz w.r.t. 
sections of Ox and such that V 2 = for the natural extension of V to the De Rham sequence; 

(ii) an Ox-linear section S : £ — > V x ®O x & °f the canonical morphism 7r : V\ <E>o x £ ^ £', 

(iii) an Ox -linear Lie-algebra homomorphism A : Ver x — > Diff x {£) (for the usual Lie-algebra struc- 
tures), where Diff x {£) is the sheaf of differential operators of £; 

(iv) a structure of left algebraic Z?x-module on £ . 

The dictionary between these equivalent structures is well explained in [BO, 2.9, 2.11, 2.15]; let us give 
a sketch. 



o 



If c = c x (£) : £ — > V x ®o x £ denotes the canonical inclusion, then 5 = c + V and V = 8 — 



c. 



For any d section of Ver x the morphism A is defined by Ag = (d ® id) o V, i.e. Ag(e) = (9, V(e)}. On 
the other hand, the reconstruction of V from A requires a description using local coordinates Xi on X {dxi 
and di are the dual bases of differentials and derivations) : if e is a section of £ , then V(e) = Yli dxi <8> A^ (e) . 
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The morphism A is equivalent to the data of a left X>x-niodule structure on £ since it extends to a left 
action of T>x on £ ([Bo, VI, 1.6]). 

1.2 A morphism of connections on X is an Ox-linear morphism h : £ —* £' compatible with the data, that 
is, such that V o h = (id <S> h) o V, or 5' o h = (id ® /i) o <5, or equivalently Ag oh ~ ho Ag for any 9 section 
of Xterx, or finally which is Dx-hnear. 

§2. Inverse image for connections and £>-modules 

Let / : X — > Y be a finite type morphism of smooth if- varieties. For any Oy-module £, let /*(£) = 
Ox ®/-io y .f -1 ^ - the inverse image by /. 

2.1 Inverse image for connections 

The easiest definition for the inverse image by / of a connection £ on Y is given in terms of Oy-linear 
maps. If S : £ — > "Py ®o y £ defines the connection, let /*<5 be the composition of the inverse image of 5 with 
the canonical morphism /"('Py) -^>V X . Then we have a morphism 

/*« : re - ^x ® x /*£ = r 1 -? , 

which is clearly an Ox-linear section of the canonical map 7r : V\ ®o x f*£ ~ * /*£■ 

An explicit description of the connection /*V on f*£ can be given in the following way: 

(/*V)(a®e) = (/*<*- cjr)(a®e) 

= af*5(l ® e) - c x (a ® e) 
= a/*((V + cy)(e)) -I<8> (a® e) 
= a/*(V(e)) + a(I ® e) - I ® (a ® e) 
= aV(e) + a ® 1 ® e — 1 ® a ® e 
= aV(e) + d(a) ® e 

(as usual, a is a section of Ox and e is a section of £, or / _1 £). 

2.2 Inverse image for 25-modules 

Let M be a left £>y-module. The inverse image as O-modules f*M = Ox ® f- 1 o Y f 1 -^ locally admits 
an action of T>x defined by 

a' (a ® m) = (a' a) ® m and 9(a ® m) = 9(a) (8) m + a( ,d(yi) ® T)i( m )) 

where 9 is a section of T>x, m a section of M (or f~ 1 M), a, a' sections of O x {yi local coordinates on Y 
and ?7i the dual basis of dyi). These local definitions globalize to a 2?x-module structure on f*A4 [Bo, VI. 4]. 

In this way the Ox-module f*Vy = O x ® f-^Ov f~ 1 ^Y is endowed with a structure of left X>x-modulc, 
compatible with the obvious structure of / _1 £>y- module (by right multiplication). With this structure, 
f*T>y is usually denoted by Vx^y and the inverse image of a left Py-module M can be defined as 

f*M = V x ^Y »/-ip Y r x M , 

taking account also of the structure as X>x-modulc. 

2.3 Comparison 

Let M be a 2?y-module. We regard it as a connection on Y and consider its inverse image as a 
connection. The action of derivations is described in terms of local coordinates yi on Y", by 

(/*A) a (a ® m) = (9, (f V)(a ® m)) 

= (9, aV(m) + d(a) ® m) 

= (9, a(^. d y* ® A ^ ( m )) + d ( a ) ® TO ) 
= a( 9(2/0 ® A % (m)) + 9(a) ® m 
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where d is a section of Verx, m is a section of M. (or f M), a is a section of Ox (and iji is the dual 
basis of dyi). Thcfore the local descriptions make clear that for a connection £ on Y, the inverse image as a 
connection induces the structure of 2?x-module given by the inverse image of the corresponding £V-module. 

§3 Direct image for connections and £>-modules (and comparison following [DMSS]) 

Let / : X — > Y be a smooth morphism of smooth if-varietics. In order to compare the notions of 
(derived) direct images in the category of connections (the Gauss-Manin connections) and in the category 
of D-modules, we need some preliminary materials, most concerning right P-modules, De Rham functors, 
differential complexes (and the M.Saito equivalence). In this paper, we use the convention that the shift of 
complexes does not change the sign of differentials. 

3.1 Right and left V- modules 

We denote by 2?-Mod the category of left Z?-modules and by Mod-2? the category of right £>-modulcs. 
It is well known that lux = O x llaX has a canonical structure of right £>x-niodule (see [Bo,VI,3.2]). Let 
us define lux^Dx) — ®o x ~Dx- It is endowed with two different structures of right £>x-niodulc: the 
first comes from the right multiplication on T>x and the other is induced by the tensor product over Ox 
of a right and a left £>x-module. There exists a unique involution i : lux(P>x) —* Wx(fj) which is the 
identity on lux and exchanges these two right £>x-niodule structures (see [Sa,1.7], using local coordinates 
Xi on X, the involution sends to ® P to to ® P* , where u> = dx\ A • • • A dxd x , and P* is the transposition 
of P, defined by a* = a for sections of Ox, d* = — <9j, and (PQ)* = Q*P*). In the same way, we define 
lj x (D x ) = P>x ®o x ^x 1 = 7~t< jm Vx( ljJ x{'P l x),P > x) and we notice that Lu^iVx) has two compatible and 
"interchangeable" structures of left 2?x-module. 

We have an equivalence of categories between X>x-Mod and Mod-£>x given by the quasi inverse functors: 

Dx-Mod < — > MoA-Vx 

M i — ► u)x(M) = lux(T> x ) ®v x M 
N ®v x w x 1 (Dj)=w x 1 (JV) < — i N . 

3.2 De Rham functor for right and left £>-modules 

Let (£, V) be a connection on X. By definition its De Rham complex is Qx(£) = Q'x ®O x £ where the 
differentials are induced by the connection V as usual: V(w ® e) = d(w) ® e + (—) dcgu 'Lu A V(e). 

The De Rham functor for left £>-modules is defined to be compatible with the notion of De Rham 
complex for connections, up to a shift. Let us consider T>x as a left £>x-module, then its De Rham complex 
as a connection is Q x (px) — ^x®o x P>x (usual differentials). It is a resolution of lox[— dm\X] in Mod-2?x- 
For this reason, it is usual to define DRx(fx) = fixCDx^dim X], so that DRx(2?x) is a resolution of lux 
in Mod-V x . 

Now, if M. is a left Px-module we define DRx(A / () = DRx(2?x) ®v x M which is a complex of Kx- 
vector spaces. This functor extends to complexes and gives in the derived categories the functor DRx : 
D(Dx-Mod) — > D(Kx) (where D(Kx) is the derived category of sheaves in i^x-vector spaces). Let us 
observe that for any M E D(Dx-Mod) we have DRx(M) = lux ®q x M. 

The De Rham functor for right £>-modules is defined to be compatible with the left/right equivalence. 
Let us consider T>x as a right 2?x-module, then its De Rham complex is Q x (T>x) = P>x ®o x Q'x (where 
Q' x = A * P& r x and the differentials are locally defined by a Koszul complex). It is a resolution of Ox in 
£>x-Mod. Now, if W is a right £>x-module, then DRx(W) = N ®v x O x {V x ) as a functor MoA-V x -> 
C(Kx)- The definition naturally extends to the category of complexes of Mod-Vx, and to the derived 
category as before. 

The compatibility between De Rham functors is expressed by the relations DRx(-M) = DRx(^x(-A4)) 
and DRx (TV) = DRx f^ 1 (TV)). 

3.2.1 Relative De Rham functor. Let / : X — ► Y be a smooth morphism between smooth 
if -varieties. The morphism f*{Qy) — > O x induces a canonical short exact sequence 

(3.2.2) 0^f*(O^)^O x ^O x/Y ^0 
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where & x /y ^ s t ne sri eaf of relative differential forms of degree one. Moreover any Ox-module in (3.2.2) is 
locally free of finite type so (3.2.2) locally splits. Let Qx/y = Hmox(^i/yi Ox) be the Ox-dual of O x , y 
and let V x / Y denote the Ox-algebra generated by Ox and ®x/y- As in 1.1 for any Ox-module £ the 
following supplementary structures on £ are equivalent: 

(1) an integrable relative connection, that is a morphism of / (Oy)-modules Vx/y : £ ^x/y ®o x & 
Leibniz with respect to sections of Ox and such that V x / Y = for the natural extension of Vx/y; 

(2) a structure of left 2>x/y-modulc on £. 

For any Ox-module £ endowed with a relative integrable connection Vx/y let us define its relative De Rham 
complex as Q X ^ Y {£) = ^ X /y ®o x £ where the differentials are induced by Vx/y. 

The relative De Rham functor for left 2?x/y-modules is defined to be compatible with the De Rham 
functor for connection up to a shift (as in the case of 2?x-modules), and it induces a functor of derived 
categories: 

DRx/y: T)(V X/Y ) — > T>{f-\0 Y )) 

£ .— > DR X/Y (£) = n x/Y (£){d x/Y ] 

where d X j Y is the relative dimension dx — d Y . 

3.3 Direct images for connections (the Gauss-Manin connections) 

The Leray filtration Ler on Q x is defined by Ler p ft x = lxn(f* fl Y ®o x ^x~ P ~ * ^x) an( i, since / is a 
smooth morphism, the associated graded Ox-module has Gr^il^ = f*0 Y ®o x ^x/Y' 

If £ is a connection, we define the Leray filtration on its De Rham complex O x {£) by the tensor product: 
Ler p n x (£) = Ler p /2 X ®o x £■ Therefore the graded pieces are Gr£ or ^ x (f) = f*Q Y ® 0x 0' x/Y {£)[-p]. 

The Leray filtration induces the Leray spectral sequence for the direct image functor by /: 

(3.3.1) E™ = n Y {R^UQ x/Y {£)[-p]) R n f*n x (£) 

in the category of Oy-modules with differential operators (the complexes appearing in the spectral sequences 
are differential complexes on Y). The differentials of E\' q define the Gauss-Manin connections on the Oy- 
modules R q f*Q x , Y {£), since 

(3.3.2) : E™ = n Y {EP+<*Uf} x/Y {£)[-p]) — E\ +1 ^ = Y +1 {BP+^ 1 f.{2' x/Y (S)[-p - 1]) 

(it is explicitly given by the connection homomorphism for the direct image functor of the short exact 
sequence of complexes 

(3.3.3) — G^n-x^) — Q' x {£ ) /hcr p+2 O x {£) — » Gr£ er /2 X (£) — 

which gives a piece of E\). 

3.4 Direct images for 25-modules 

The direct image for £>-modules is defined using the following transfer modules: 

(3.4.1) V X ^ Y = O x ®j-\Q Y f~ 1 T> Y which is in T> x -Mod-f~ 1 V Y (the left T> x -module structure is induced 
by (the tensor with) that of Ox, the right / _1 £>y-module structure is induced by that of f~ lr D Y , 
and the compatibility is obvious); 

(3.4.2) V Y ^ X = u < J x{'Dx)®v x 'Dx^Y®f- 1 VY f~ luJ Y 1 {'D Y ) which is in / -1 2?y-Mod-£>x since it is obtained 
from V X ^Y by a double left /right exchange. 

For a right X>x-modulc TV, the direct image by / is defined by f+Af = R/*(W ®x> x Px^y) as a right 
2?y-module. For a left 2?x-module Ai, the direct image by / is defined by f+A4 — R/»(2?y^x ®v x M) as 
a left 2?y-module. The compatibility of the two definitions is expressed by the following relations: 

"yV+W) = f+{"xW) and uy{U{M)) = f + (u x {M)) . 
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3.5 Differential complexes and M.Saito equivalence 

Following M. Saito let Ox-Diff be the category of 0x-niodulcs w ith differential operators as morphisms 
and let C(Ox-Diff) be its category of complexes (see [DMSS]). Objects in C(Ox-Diff) are called differential 
complexes on X. Any object in C(Ox-Diff) could be regarded as a complex of i^x-vector spaces so that 
one has a functor F : C(O x -Diff) -> C(K X ). 

In [Sa,1.3.2] M.Saito defined the linearization functor DR X : C(Ox-Diff) — > C(Mod-2?x) acting on the 
differential complex £ by £ ®o x (the differentials being extended to X>x-linear maps). By localization 
with respect to the multiplicative system of quasi-isomorphisms on the right hand side and with respect to 
their pull-back on the left hand side (that is, the multiplicative system of 2?x-quasi-isomorphisms: morphisms 
of differential complexes whose linearization is a quasi-isomorphism in the category of right £>x-modules) 

one obtains the functor DR X : D(Ox-Diff) -> D(Mod-£>x). 

It is clear that for any right (resp. left) 2?x-module J\f (resp. M), its Dc Rham complex is an object in 
C(Cx-Diff)- In particular the functor DRx factors through C(Ox-Diff) and we denote this factorization by 
DRx : C(Mod-2?x) — ► C(Ox-Diff). In particular we have the following commutative diagram of functors 

C(Mod-Px) C(Ox-Diff) 




C(K X ) 

M.Saito also proved that DRx localizes with respect to quasi-isomorphisms on the left hand side and with 
respect to 2?x-quasi-isomorphisms on the right hand side, so it induces a functor DRx : D(Mod-2?x) — > 
D(Ox-Diff). 

1 

3.5.1 Proposition (M.Saito's equivalence). The functor DR X is an equivalence of categories whose 
quasi-inverse is DRx ■ In particular we have canonical quasi-isomorphisms 

DR x 1 DRx(AA) = N and DR^DRxt-M) = oj x (M) , 

both in C(Mod-X>x) (see [Sa,1.8]). 

3.5.2 In the case of right ©x-modules, there is also a compatibility with the direct image of differential 
complexes (which is induced by the usual direct image for abelian sheaves), via the linearization functor: 

DR y 1 R/*(£) = /+DR X 1 (£) (sec [DMSS, 1.3. 2]). 

3.6. Theorem (comparison for direct images, following [DMSS]). Let f : X — > Y be a smooth 
morphism of smooth K-varieties. For any left T> x -module M. (identihed with a connection on X) and for any 
q we have natural isomorphisms R q f^DR x / Y (M) = Ti q (f+M) in the category of left Vy-modules, where 
the left hand side has the structure of the Gauss-Manin connection. 

Proof. Let consider the Leray spectral sequence E of M. with respect to /. Since Vy is a flat Oy- 
module, we may apply the linearization functor DR y to obtain the spectral sequence 

DRy^f = DRy 1 Q Y {R p+q f*O x/Y {M)[-p]) fyRy 1 R n f*Q x (M) 
in the category of right XV-modulcs. Now (by 3.5.1) the complex DR y E[' q is quasi-isomorphic to 

DR^DRy [— &mY]{R q f*DTL x/Y [-d x / Y ]{M)) ~ uj Y (R q f*DR x/Y (M))[- dimF - d x/Y ] 

(where d x / Y = dimX — dimF is the relative dimension) so that the spectral sequence degenerates at £2; 
while the limit is quasi-isomorphic (by 3.5.2, 3.5.1 and 3.4) to 

DRy 1 R/ H ,DRx[- dimX](M) = f + (UR x 1 JJR x [- dimX](M)) 

*< f + (wx(M)[- dimX}) 
^ oj y (f+(M)[- dim X}) . 

5 



So we have the isomorphisms R q f*DR X / Y (A4) = Ti. q+dlm x (f+(Ai)[— dim X}) in the category of complexes 
of left 2?y-modulcs, from which the proposition follows. □ 

§4. Alternative proof of the comparison between direct images 

We present here an alternative proof of the comparison theorem for direct images, which is in some sense 
more elementary, since Saito's equivalence is not used. The strategy we discuss here also has the advantage 
of clarifying the structure of the Gauss-Manin connection, taking account of one of its avatars before the 
application of the derived direct image functor. In fact we compare two structures of left f~ lr Dy- modules, 
one defining the Gauss-Manin connection, the other coming from the structure of the transfer module T>y^ x . 
The main technical tool is the commutativity of a diagram in the derived category of right T>x -modules (see 
Proposition 4.3.2), for which the homotopy lemma 4.3.1 is used. 

4.1 The distinguished triangle for the Gauss-Manin connection 

Let us consider the exact sequence (3.3.3) for p = and £ = V x (in the category of complexes of right 
T> x - modules): 

(4.1.0) — /*(/#) ® 0jt n' x/Y (V x )[-l}^L C T n' x (V x )/LeY 2 n' x (V x ) ^ f2' x/Y (V x ) — > 



(recall that Gvl el {n x (V x )) f*{0 Y ) ®o x O x/Y (V x )\-l] and Gr° Lcr (n x {V x )) fl x/Y (V x )) which gives 

- Lcr° Q' x (V x )/hcr 2 n x (V x ) 



the distinguished triangle: 

(4.i.i) r(Q Y )® 0x n x/Y (v x )[-i] 



[+1] 

5(Vx) 



n- x/Y (v x ) 



in D b (Mod-£>x) (derived category of right X>x-modules). The connecting morphism 5{T> X ) is represented 
in the derived category by the following diagram (in which the mapping cone of i appears): 

(4.1.2) ®o x G'x/yV>x)) ® Ler a f2' x (V x )/Lcr 2 n x (V x ) 



qis 



(0,7T) 



-pi = (-l,0) 



t{(2 Y )®o x 0' X/Y (V X ) 



The fundamental fact here is that the Gauss-Manin connection comes by applying the derived functor R/* 
to this connecting morphism. 

Notice moreover that for any left X>x-module £ we can apply the derived functor 
distinguished triangle (4.1.1) so we obtain the distinguished triangle: 

f*{Q Y ) ® Gx 0' X/Y (£)[-1] ^Lcr°n x (£)/Ler 2 n x (£) 



\ >x £ to the 




X/Y 



(really, we do not need to take the derived functor — <S>p x £ but simply — (Z>v x £ because any complex in 
(4.1.1) is acyclic for — ®x> x £)■ This is the distinguished triangle induced by the short exact sequence (3.3.3) 
for p = 0. 

4.2 The connection associated to Vy^x 

In view of the comparison, we have to give a concrete expression in terms of a connection (in the derived 
category) for the £V-module structure of the derived direct image. 
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4.2.1 Lemma [Lau, 5.2.3.4]. Let f : X — ► Y be a smooth morphism of smooth K-varieties. There 
exists a canonical morphism of complexes of right T>x-modulcs A : DRx/ypx) —* £V<-x which is a quasi- 
isomorphism. In particular, DR X / Y (D X ) is a left resolution ofVy^x in the category f~ 1 Y -Mod-V x , 
with locally free right T>x-modules. As a consequence, the complex DR X i Y (T> x ) admits a structure of 
left f~ 1 V Y -module, induced by transfer of structure via the quasi-isomorphism, in the derived category of 
f-^Oy-Mod. 

Proof. The canonical morphism A is defined by the composition 

Vx V Y ^x ®o x Vx — ^ V Y ^x 

where the first map comes from the canonical inclusion of lo X /y m t° 2V<-x = Wx/y ®o x /*^y, an d 
the second one uses the canonical structure of right £>x-module of T>y^x- A local computation using the 
canonical nitrations by the order of differential operators shows that the graded pieces are Koszul complexes, 
so that the assertion follows (see [Lau, 5.2.3.4] for details). □ 

Notice moreover that the morphism A may be described in terms of the canonical map T>f : T>x — ► 
composing id ® T>f with the transposition of differential operators, since the following diagram 

u X /Y ®T> X = 7iom(f- 1 ujY,uJx®T)x) ^ nxn{f- x uj Y , K <8> f*T> Y )®V X )= V Y ^x ® V x 



Hmif-^Y^x ® V x ) ^ *■ Timif-^Y, ^x ® f*T> Y ) = V Y ^x 

commutes (here, Ham means Harif-iQ Y , the symbol indicates the / _1 £V-module structure used in the 
Ham, <g> means ®o x > an d L 1S the canonical involution of lox ®o x exchanging the two structures of right 
2?x-modulc). 

4.2.2 Notice that the / _1 X>y-module structure of ~QR X / Y (J) X ) is described in terms of its connection 
by the following diagram 

l r>i 



A 



1®A 



V Y ^x *■ f- 1 ^ ®/->o. V Y ^x 

where Vy^x is the connection (Leibniz with respect to section of / _1 ((9y)) induced by the / _1 (£>y)-module 
structure of T>y^x- 

4.2.3 Corollary. Let f : X —> Y be a smooth morphism of smooth K-varieties. For any left T>x-modulc 
M. there is a canonical quasi-isomorphism X(A4) : DR x / Y (Ai) — ► V Y ^ X ®v x -M, so that DRx/y(.A4) 
admits a structure of left f~ 1 (T>Y)-module in the derived category of f^ 1 (OY)-modules. 

Applying the derived direct image functor to the above morphism, one obtains a canonical quasi- 
isomorphism R/*DRx/y(A4) — > f+(M) in the category of complexes of Oy -modules, so that the complex 
R/*DRx/y(A / l) admits a structure of left V Y -module in the derived category of Y -modules. 

4.3 The following two results are the kernel of our comparison argument; essentially we have to compare 
the diagram (4.1.2) with the diagram in 4.2.2. To do that, we re-write the projection pi of (4.1.2) up to 
homotopy. 

4.3.1 (homotopy) Lemma. Let i : f*{Q Y ) ®o x 0' X/Y {V X )[-1] -> Ler° 'O x (V x ) /Ler 2 Q' X {V X ) be the 
canonical inclusion. 
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(i) the identity morphism of the mapping cone of i is homotopic to the morphism *S? m defined by ^ dx / Y = 
(° -*; ld ) and forq ^ dx/Y . 

(ii) the connecting morphism 

-Pi = (-1,0) : (f*(0 Y ) ®o x n' x/Y (V x ))(BL C T f2' x (V x )/LcT 2 n' x (V x ) - (f*(Q Y ) ® Qx V X/Y (V X )) 
of the distinguished triangle generated by i is homotopic to the morphism tp' = —p\ o that is 

where is the canonical isomorphism f*0 Y ®o x ^x/y (D x ) ^(n x x/Y+i (V x )) induced by i. 

Proof. Let us consider the exact sequence of complexes (4.1.0) in degrees d x / Y — 1, d x / Y , d x / Y + 1: 



o — - f*Q Y ® 0x n d x x / Y Y \v x ) — - ^(^ /Y (x> x )) — — - u x/Y (v x ) ^ o 

d d 

- /* ^ ® 0x U X/Y (V X ) L^ ( ^x/, + l (2?x)) 



from which one deduces that is an isomorphism. 
(7) Using the homotopy map of the mapping cone of i which is zero for degrees different from d x / Y + 1, 
and (~ q ) in degree d^/y + 1, we have that the identity map of the mapping cone is homotopic to the 
morphism having the following expression in degree d X / Y : (JJ) + ( - ^ ) ((f>, d) = (J °) + (^~^ = 

(o ^i d ) an< ^ unchanged otherwise, as stated. 
(ii) This follows from the previous point, since id ~ vp* implies p± ~ pi o <£• = Explicitly we may use 
the homotopy map of the connecting morphism which is zero for degrees different from d X / Y + 1, and 
tfi^ 1 in degree d X / Y + 1. Then wc have that —pi is homotopic to the morphism having the following 
expression in degree d x / Y : (—1, 0) + ((f>^ 1 )(4', d) = (0, 4>~ 1 d) and unchanged otherwise, as stated. □ 

4.3.2 Proposition. The following diagram 



(fW) ®o x VR X/Y (V X )) ©Ler°DR x (2?x)/Lcr 2 DR x (P x )[- ( iy] 

-_C?i = (-l,0) 

(0,7T) 

DR x/y (P x ) 



qis 



qis 



1®A 



commutes in the derived category of right V x -modules. 

Since this diagram is just the superposition of (4.1.2) and 4.2.2, its commutativity identifies the two 
structures of left f~ lr D Y module of DR X / Y (T> x ). Moreover, the result extends immediately to any left 
2?x-module M, by the tensor product over T> x . 

Proof. By the homotopy lemma, we may use ip instead of —pi, and since any object of the last row is 
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a complex concentrated in degree zero, we need only prove the commutativity of the following diagram: 



X 




X 



f*{^y)®o x Ux/y(T>x) 

1®A 



(the first object of the mapping cone does not appear, because it is sent to zero using both morphisms). 

Notice, first of all, that there exists a unique morphism a : Wx/y(Px) — ► f*^y ®O x T^y^x making the 
upper part ("parallelogram") of the diagram commutative, since (with reference to the diagram in 4.3.1) we 
have that (1<8>A)</> -1 g?« = (1® \)d = 0, so that (l®\)<p~ 1 d factors as an. As a consequence, we have to prove 
that Vy^x A = ot. One has two different possibilities for the proof. The first one is a local computation. 
Using local coordinates Xi (i = 1, . . . , dx) on X such that dxi, . . . , dxd x/Y are generators of the relative 
differentials, and ui = dx\ A • • • A dxd x/Y , for the morphism a we have the following expression 

a(u <8> d) = (1 <g> A)0 _1 d([u; <g> d]) 

= (1 <g> A)^ 1 d yi Auj® r/td 

= (1 <g> A) ^ . d yi ®Lu® rjid^j 

Z 'Z 

where local coordinates on F are used (dj/j and m are dual bases for Q Y and(9y); and d is a local section of 
T>x- Therefore, the action of the derivative m (dual bases of dyi) is given by ui <S> On the other hand, 

the structure of / _1 I?y-module of Dy^x is given by the twist of the right structure (by multiplication) of 
f*T>y with the right structure of / _1 wy (by the action of — Lie^, which is trivial on oj), and has therefore 
the local expression r]i(u) (g> d) = —u ® drji; composing with A, the action of % sends lo ® d to w (8) <9*7j* and 
coincides with that given above. 

The second possibility is more abstract and relies on the compatibility of De Rham functors. Since 
the morphism a is induced by the differential of the absolute De Rham complex of T>x, and it factors 
uniquely through A (see again the diagram in 4.3.1, since (n)da = and A gives a cokernel for d in the last 
column), it is sufficient to prove that the morphism Vy^x is compatible with that complex. We observe 
that wx(/*fy) has two compatible structures, as a right 2?x-module and as a right / _1 (£V)-module. We 
define DR y (wj(f Dy)) := Lo x (f*V Y ) ®o x A~* f*@Y ( the De Rham complex as right /^Dy-module) 
which is isomorphic (by left/right exchange on the /~ 1 (Py)-module structure) to DRy(wx/y(/*I>y)) := 
f^ 1 fi Y ®f-i(o Y ) UJ x/Y{f*^ > Y)[dY}- Now, we have the following canonical morphisms of De Rham complexes: 

DRx(V x ) ~ DRxK(%))^DR x ( Wj (P x )) — > DR y ( Wx (/*Dy)) <* DRyK /y (f*V Y )) 

where the isomorphisms = are given by left/right exchanges, the first morphism comes from the involution 
t, the second comes from Vf : T>x — ► f*'Dy. In degrees — dy and — dy + 1 we can read the following 
compatibilities: 



n 



l X /Y 



X 



(V x ) -» u;x(Vx)®A dY O x - W x(/*2?y)® A dY f*e Y 



i 



i 



lux/y(PV y ) 

l^Y^ X 



from which the result follows. 



□ 
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4.4 Theorem. For any left Vx-module M., the canonical quasi-isomorphism 



R.UBR X/Y (M) -> Rf*(V Y ^ x M) = f+(M) 

identifies the structures of Vy -modules of the two terms (the Gauss-Manin structure on the left hand side, 
and the canonical one on the right hand side), so that for any q we have natural isomorphisms 

RiUT>R x/Y {M)^W{f+M) 

in the category of left Vy -modules, where the left side has the structure of the Gauss-Manin connection. 

Proof. We have (by lemma 4.2.3) a canonical quasi-isomorphism DR x /y(M) — > XV<-x ®v x which 
identifies (by Proposition 4.3.2) the structures of / -1 ZV-modules of the two terms. Applying the derived 
functor R/* one obtains a canonical quasi-isomorphism R/*DRx/y {M) — > R/*(XV^x <8>£> x M) = f+(M) 
which identifies the structures of 2?y-modules of the two terms. (Recall that R/* is intended as a functor 
from D+(/- 1 2? y -Mod) to D+(XV-Mod).) □ 

4.5 Finally, we translate the result in term of De Rham complexes. 

4.5.1 Lemma [Me ch.I, 5.4.3, 4, 4b]. Let f : X — ► Y be a smooth morphism of smooth K-varieties. 
For any T>x-module M there exists a canonical quasi-isomorphism DR Y (f + M) — > R/*(DRx(.M)), where 
R/* is the usual derived direct image for abelian sheaves. 

Proof. The canonical morphism in the derived category of abelian sheaves on Y 

toy TLf4Vy^ X ®v x M) — > R/.(/~W {T>y^X ®v x M)) 

is an isomorphism: this can be verified using a locally free resolution of ujy in the category of right- Vy- 
modules. Now the left hand side is canonically quasi-isomorphic to ujy ,f+(M) = DRy(/ + A4) and the 
right hand side to R/»(wx M) = R/*(DR X (X)). □ 

4.5.2 Corollary. Let f : X —> Y be a smooth morphism of smooth K-varieties. For any T>x-module M. 
there exists a canonical quasi-isomorphism DRy (R/»DR x /y (M)) = BR Y (f + M) = Rf*(DRx(M)), where 
R/* is the usual derived direct image for abelian sheaves. 

4.6 A final remark. A naive approach to the comparison problem for direct images may be the 
following argument, which is very elementary. The existence of the morphisms of the Theorem 4.4 in the 
category of CV-modules and the fact that they are isomorphisms follow from the Corollary 4.2.3. In order to 
conclude the proof, it is enough to identify the structure of T> Y -module induced by the structure of the Gauss- 
Manin connection on the left with that of the right, and this may be done locally. The isomorphisms of Lemma 
4.5.1 can be constructed locally in the following way. Using a local decomposition f*f2 Y © fl x /Y — ^x-> we 
have (locally) that (f*0 Y ®o x ^x/y) tot — ^'x ( see [B.A ch.III §7 n.7] as graded modules, and the usual 
signs convention identifies the differentials). In this isomorphism the Leray filtration on the right is identified 
with the filtration Fj of the total complex on the left. Therefore the Leray spectral sequence of M for / 
is locally identified with the spectral sequence Ej of the bicomplex {j* fly ®o x ^x/y(-M)) with respect to 
the functor R/*. In particular we have at the Ex level that ~DR Y (R q f„DRx/y(M)) = DRy (H q {f+M)), 
which identifies the Gauss-Manin connection with the connection induced on TL q (f+M) by the 2?y-module 
structure of f+M, and concludes the "proof". The unpleasant point in this argument, and probably the 
reason of its absence in the literature, is that it makes use of a non canonical local decomposition of the 
canonical exact sequence of differentials. 
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